More About Branes 
on a General Magnetized Torus 

L. De Angelis", R. Marotta 6 , F. Pezzella 6 and R. Troise'fl 

a Dipartimento di Scienze Fisiche, Universita degli Studi "Federico II" di Napoli 
Complesso Universitario Monte S. Angelo ed. 6, via Cintia, 80126 Napoli, Italy 

b Istituto Nazionale di Fisica Nucleare, Sezione di Napoli 
Complesso Universitario Monte S. Angelo ed. 6, via Cintia, 80126 Napoli, Italy 

Abstract 

In the framework of low-energy effective actions of branes compactified 
on magnetized extra-dimensions, we determine Yukawa couplings for the chi- 
ral matter described by open strings attached to D9 branes having different 
oblique magnetization and living on a general torus T 6 with an arbitrary 
complex structure. These results generalize the ones existing in literature. 
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1 Introduction 

String Theory provides a consistent quantum description of all the interactions in- 
cluding gravity. The natural presence of gauge groups in Heterotic and Type I 
models has generated, since the origins of the theory, a huge interest in the so- 
called String Phenomenology, i.e. in exploring the connection between String and 
Standard Model physics (see, for example, ref. PQ). In Type II theories, a fun- 
damental role in this respect is played by D-branes. These solitonic objects define 
open string degrees of freedom on their world- volume and can be engineered so that 
the massless excitations of such open strings reproduce the Standard Model gauge 
group (for recent reviews, see for example [2H3])- In compact spaces, configurations 
of branes "dressed" with constant magnetic fields along the compact directions of 
their world-volume - hence the name of magnetized branes - introduce chiral mat- 
ter [SHE]. This is the reason why magnetized brane configurations are promoted to 
new string theory vacua possibly containing the Standard Model and/or its super- 
symmetric extensions. In particular, even neglecting the dynamics of gravity, they 
provide a tool to study the dependence of the four- dimensional effective field theory 
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actions on the details of compactification both to the tree [2l4il[9|[T0] and to the first 
order of the perturbative expansion [HJ[T2]. In this paper, such program is realized 
in a peculiar framework of toroidal compactification of ten-dimensional models and 
with a particular interest in Yukawa couplings. 

More specifically, a stack of M D9-branes is considered in the compact back- 
ground T 6 , being the torus a six-dimensional complex manifold with a completely 
arbitrary complex structure. In the same spirit of ref. [13] (see also [131419] ). we 
turn on, along the compact directions, constant magnetic fields in the abelian sector 
of the U(M) gauge group defined on the world-volume of the M branes. Depending 
on the choice of such constant fields, the single stack of branes is now separated in 
different piles of magnetized branes. The ten-dimensional Af = 1 super Yang-Mills 
theory supported in the world-volume of a stack of D9-branes is dimensionally re- 
duced to four dimensions by expanding the ten-dimensional bosonic or fermionic 
fields in a basis of eigenfunctions of the internal Laplace or Dirac operator. 

Two sectors of open strings appear. One corresponds to dy-pole strings, i.e. 
open strings with both ends on the same brane [201 [21], containing fields in the 
adjoint representation of the gauge group, while the other corresponds to dy-charged 
strings, i.e. open strings ending on two piles of magnetized branes with different 
magnetization and describing chiral matter. In this paper, the analysis is restricted 
to the latter sector. The eigenfunctions for the matter fields have to be invariant, up 
to gauge transformations, when translated along the one-cycles of the torus. They 
are easily determined in the complex frame where both the metric and the difference 
F ab = F a — F b of the magnetic fields on the two piles a and b of branes between 
which the strings are stretched, are diagonal matrices in their off-diagonal boxes. 
In this frame, the supersymmetry has been also partially imposed by requiring the 
field F ab to be a (1, 1) form in the coordinate system defining the complex torus. 
The wave function is obtained by solving the internal Laplace-Beltrami or Dirac 
equation, depending on the Bose- Fermi statistic of the fields, with suitable boundary 
conditions dictated by the torus geometry and by the presence of the background 
magnetic field. By introducing a suitable ansatz for such a solution, the lattice 
identification due to the magnetized torus geometry reduces to the quasi-periodicity 
conditions satisfied by the Riemann Theta function only when the background gauge 
field, in the original system of coordinates defining the torus, is a matrix with null 
diagonal blocks. The Riemann Theta function turns out to be dependent on a 
generalized complex structure with entries related to the original complex structure 
of the torus - or to its complex conjugate - which depends on the signs of the 
eigenvalues of the non- vanishing blocks of the gauge field F ab . In more general 
configurations, it seems that the Theta function is no longer the solution of the 
internal wave operator, even if a final answer to this problem requires a deeper 
analysis. 

The coefficients of the dimensionally reduced four- dimensional effective action 
are obtained by evaluating overlap integrals over different wave functions. The 
Yukawa couplings among two fermions and one scalar field are obtained by evaluat- 
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ing an integral over three of such functions, each of them defined in the local systems 
of the coordinates where the metric and the gauge field take the aforementioned 
simple form. In order to compute that integral, all the wave functions have been 
rewritten in the common system of real coordinates where the torus is trivially de- 
fined. Analogously with the corresponding calculus done in the case of the factorized 
torus, an identity between the product of two Riemann Theta functions has been 
used. It is derived in ref . [22] generalizing some results given in ref . [23J . In getting 
that identity, an arbitrary matrix a has been introduced. It is restricted only by 
the necessity to make the matrix a(I~^ + I h ~ c l )~ l have integer entries, being I a b and 
he the first Chern classes associated with the corresponding differences of the gauge 
fields on the three branes labeled by a, b and c. The first Chern classes are involved 
in the calculus of the Yukawa couplings. The simplest choice a = det [Iabhc] I [22] 
allows one to evaluate the integral, getting a linear combination of Rieman Theta 
functions as a result. This expression is in agreement with the one obtained in 
ref. |22j in the case of the torus T 4 with trivial complex structure and extends it to 
the case of the torus T 6 with arbitrary complex structure. 

When all of the magnetic fields which are active on the three stacks of branes 
are independent but commute, it is possible to explicitly evaluate the sum over 
the Riemann Theta functions, obtaining an expression for the Yukawa couplings 
compatible with the analogous stringy result given in ref. [21]. The same result is 
obtained by taking a = I a bhc, which, in the case of commuting first Chern classes, 
trivially makes c^/^, 1 + I^ 1 )^ 1 an integer matrix. This coincidence enforces the 
validity of the result here obtained. 

The paper is organized as follows. 

In sect. 2, generalities about dimensional reduction and magnetic fluxes are 
given. In particular, some helpful complex coordinates are discussed in which both 
the metric and the magnetic fluxes become diagonal matrices in the non-vanishing 
blocks. In sect. 3, it is first shown how the effective four-dimensional action of the 
dy-charged strings can be derived from the ten-dimensional super Yang-Mills action 
with gauge group U(M) through a Kaluza-Klein reduction. Then, the bosonic and 
fermionic KK mass spectra are obtained. For the lowest components of these fields, 
the internal wave-function has been obtained and compared with the analogous 
results in literature. In sect. 4, Yukawa couplings for a general magnetized torus 
T 6 have been computed. This has been done in the case of both arbitrary and 
commuting first Chern classes. Finally, the five appendices contain many explicit 
details of computation. In particular, in appendix A notations on space-time indices 
are fixed; in appendix B one can find generalities on the torus T 2d and a discussion 
on some possible choices of coordinates; in appendix C relevant properties of the 
Riemann Theta function are discussed and details on the derivation of the bosonic 
and fermionic wave-functions are given; appendix D contains explicit calculations 
of the Yukawa couplings and appendix E deals with the main properties of a string 
in a magnetic background. 
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2 Dimensional reduction and fluxes 



A configuration made of a stack of M D9-branes in the compact background T 2d 
is going to be studied in this paper, mainly in the case d = 3. Branes backreac- 
tion on the space-time geometry is neglected and our analysis is focused on the 
open string degrees of freedom. Their interaction with the closed string degrees of 
freedom is described by the supersymmetric DBI and by Chern-Simons actions. In 
the following, attention will be driven to the low-energy limit of the DBI action 
which turns out to be, for this particular brane configuration, the ten-dimensional 
M = 1 super Yang- Mills with gauge group U(M). This theory does not contain 
chiral matter, which is a fundamental ingredient of the Standard Model and/or of 
its supersymmetric extensions. Here chiral matter can be introduced by turning 
on some abelian constant background magnetic fields [T3~ll25] along the compact 
dimensions of the world- volume of N a branes, with Y^a=i N a = M. In this way, the 
four- dimensional Lorentz invariance is preserved. The integer n gives the number 
of piles of magnetized branes having different magnetizations. The original gauge 
group is then broken into the product of U(M) ~ FK=i U (N a ) and the chiral or 
dy-charged matter is given by the open strings ending on two stacks, N a and iV&, of 
branes with different magnetization. It belongs to the bifundamental representation 
(N a , N b ) of the gauge group U(N a ) x U(N b ). 

The quantity playing an important role in the forthcoming study is the difference 
between the background magnetic fields active on the world- volume of the two piles 
a and b: 

F ab = ^(F a - F b ) MN dX M AdX N 

= \Flnn )ab dx m A dx 11 + F^ ab dx m A dy n + -F^ ab dy m A dy n (1) 

(M, N = 1, . . . , 2d), where the curved space-time coordinates (x m , y m ) = (X 2m ~ x , X 2m ) 
with m = 1, . . . , d are identified by the torus geometry: 

x m = x m + 2nRm r [ l ; y m = y m + 2nRm™ m x ,m 2 G 7L d 

being R an arbitrary dimensional parameter introduced to deal with the dimen- 
sionful (x m , y m ). 

The field strength F a carries also gauge indices corresponding to the U(l) sub- 
group of the gauge group U (N a ) and the associated fluxes thread the 2-cycle (M, N) 
of the torus. The components of F a can be expressed as: 

pa _ 1 ja l N a 

^mn ~ 2nR 2 MN N a 

being the first Chern class, defined as the flux of F a through the 2-cycle (M, N) 
of the torus: 



ja 





'pa-' 


I Tr 


_2vr_ 


J(M,N) 



(2) 
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from which the antisymmetry of If 1N in M and N follows. 

In the following, only the case N a = 1, for each a, is going to be considered, which 
corresponds to the complete breaking of the gauge group U(M) ~ U(l) . The 
breaking of the original gauge group U(M) ~ EC=i U(N a ) is straightforward [13] . 

The torus can be seen as a complex manifold by introducing the curved complex 
coordinates 



™m I Tjm^ n ™m _i_ jjm„.n 

w m _ A ' u nil . _ x 1 /)■'/ 



27T.R ' 27Ti? 

with the identifications 



— m — ,m i i frfn^n 



w = w + m 1 + U n m 2 . 

Here [/ is a complex matrix parametrizing the complex structure of the torus. In 
the system of complex coordinates, the gauge field takes the following form: 

pab = J*^ F mV)a b(m M A dw N 

8 

with (W\ . . . , W 2d ) = (w\ ...,w d ,w\... w d ) and 

F {ww) = (l m JJ-ly pt F (xx)y _ Jjtp(xy) + p{xy)tfj + p(yy)^ Imf/ -1 

F (ww) = (l mU ~ly \ [ _ijt F {xx) u + fjt p (xy) _ F (xy) tu _ p(yy)^ j m[/ -l (3) 

while F^ w ^ = F and F^^ = F^^a Supersymmetric configurations require 
the gauge field to be a (1, 1) two-form, i.e. F^ = F^ = [26]. By separately 
imposing these two constraints on the non- vanishing components of the gauge field, 
the following identity is derived: 

p(ww) = _ 2 ;i m [/-*([7*F(^) + F ixy)t ) = -2 i(F {xx)t U + F^lmU' 1 (4) 

where t denotes matrix transposition and which shows that iF^ ww ^ is an Hermitian 
matrix |22j . It is convenient to rewrite the magnetic flux in the system of flat coordi- 
nates defined in eq. ( j65l) of the appendix [B] In this frame iFj:™ w * )ab = ie m r F^f >ab e n g 
is still hermitian and can be diagonalized by an unitary matrix: 

p rs \y a b ) p — ~ ^2vr_R)2 rS { ab > p { ' 

with {C~^yC~ b = I and where r, s — 1, . . . , d. This condition can also be seen as the 
orthonormality condition of the eigenvectors of the hermitian matrix. In the system 
of curved complex coordinates, by introducing the matrices {C~ b ) n s = e n f (C^ 1 )^ 



2 In this analysis the a, b labels are omitted when possible. 
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and using the identity {C~ b ) m r h m n{C~ b ) n g = 5 rs where h mfl refers to the metric of 
the complex torus and which is a direct consequence of the unitarity condition of 
the C~ b matrices, one can write: 

o \ ab 

l(-i-\\m rp(w,w)ab _ ^ A r % 

K^ab ) r r mn K^ab ) s ~ ^ (2lX R) 2 ' 

This diagonalization naturally defines a new system of complex coordinates^) 

™ s = {C- b l )\z r ab ; w* = {C-^Y^ab (6) 
with the metric given by: 

ds 2 = (2nR) 2 5 sf dz s ab dz r ab (7) 

as follows from the orthonormality conditions of the eigenvectors C~ b . These are 
local, which means that they depend on the magnetic fields that we are diagonalizing 
and, therefore, on the dy-charged sector of the open string under consideration. The 
lattice identification is now given by 

< 6 = <b + (Cab) r m mr + (C ab ) r m U™ m 2 n (8) 

and, after defining (Z^, . . . , Z%) = {z l ab , . . . , z d ab , z\ b , . . . , z* b ) : the metric is read 
from: 

ds 2 1 



with 



while the magnetic field strength is 



being 



F ab = \F^dZ^dZi ; F { u Z)ah = \^ xf ^ ) (10) 



Xf = diag (A? . . . \f ) (11) 



and I, J = 1, . . • , 2d flat indices. We notice that in the i? ab -coordinates both the 
metric and the field strengths are diagonal matrices in the non- vanishing blocks and 
this feature will be the key ingredient in finding the solutions of the Laplace and 
Dirac equations associated with the compact directions. 



3 We could give an equivalent definition of this new frame by starting from the curved complex 
coordinates and writing w m — (C 1 ^ 1 )™ z s and w m = (C~^) m g z s . 
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3 The four-dimensional effective action 



Following the procedure defined in ref. p3] and here summarized (see also [27J for 
a better understanding of the notations used in this paper), the four- dimensional 
action is obtained starting from the ten-dimensional super Yang-Mills action with 
gauge group U(M): 

S = j 2 J d w X* Tr ( - i JW** + ^DmX) (12) 

where M, N = 0, . . . , 9, g 2 = 4vre 9il0 (27rv / a 7 ) 6 and 

•F MN = ^ ' M^N ~ ^ ' N^-M ~ AAmi ) ^ = ^ ~ HAtf' A] (13) 

with A being a ten-dimensional Weyl-Majorana spinor. The gauge breaking is real- 
ized by first separating the generators U a of the Cartan subalgebra from the ones 
out of it, e a b, in the definitions of the gauge field and of the gaugino: 

A 1 & = B ] & + W ] & = B% [ U a + W$e ab ; \ = x + V = x a U a + V ab e ab (14) 

and later expanding the Lagrangian around the background fields which are present 
only along the compact directions in T 6 of the branes: 

B* M (^,X N ) = (B^iX^ + dBUx^X") 
W$(x»,X N ) = + <!><* (of, X N ) . (15) 

Here \i = 0, . . . , 3 and M,N = 1, . . . , 6. The fields B% and $^ are, respectively, 
adjoint and chiral scalars, from the point of view of the four- dimensional Lorentz 
group. The background fields (B^) are taken with a constant field strength corre- 
sponding to the background constant magnetic fields along the compact dimensions, 
as discussed in the previous section. In particular, the gauge 

{B a M ){X N ) = -\F« MN X N 

is chosen. 

The following assumes the entire action in terms of the fields introduced above. 
Only the relevant terms will be analyzed, namely the quadratic terms involving the 
scalar and fermion fields and the trilinear terms involving a scalar and two fermions 
from which the Yukawa couplings can be computed. 

3.1 The scalar kinetic action 

The quadratic terms in the scalar fields of the four- dimensional action, derived in 
detail in ref. [13], are obtained by starting from eq. ffl2|) and expanding the fields 
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defined in the second line of eq. (1151) in a basis of eigenfunctions of the internal 
Laplace-Beltrami operator: 



-D N D 



Niab 



M 



with suitable boundary conditions determined by the torus geometry. Here, the 
covariant derivative depends only on the constant background gauge fields 

The resulting action for the lowest excitations of the Kaluza-Klein tower is the sum 
of two terms in 



S. 



{Ml 



N 



(2nR)< 



ab 



with 



1 

2? 



<PX N JG« 



[{M 2 M )\ 



N 



m 2 $G™ - 2iF, 



Mab 
N 



(16) 



(17) 



The Lagrangian will be rewritten in the system of complex coordinates Z in which 
the mass operator becomes the diagonal matrix 



[M 2 M ] ab = diag 



mjfl 



with rffj^ 



2irR m%. 



In the following we are going to omit the indices ab, even if it is clear that we 
are examining this sector. 

The eigenvalues of the Laplace-Beltrami operator are easily determined in this 
frame. The commutation relations [d\ z \ Dj Z ^} = —iFjj of the covariant deriva- 
tives reduce to the algebra of six decoupled creation and annihilation bosonic op- 
erators. In fact, what has been done above so far is valid for any number d of 
compactified space dimensions. In this general case one therefore has the algebra of 
d decoupled creation and annihilation bosonic operators. This is due to the block 
diagonal expression of the background gauge field. The identification of such op- 
erators with the covariant derivatives depends on the signs of the eigenvalues A r , 
being for positive X r : 




;is) 



with the role of the creation and annihilation operators exchanged for negative A r 
In both cases one has [a r , al] = 1 and the Laplace equation becomes 



^2 |A r |(2iV r + l)(j> M = m 2 M<pM ; N r = al a r 



r=l 
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The eigenvalues of the mass operator result to be: 



d 



Ml. a = Y,\K\{2N r + l)T2X a 



(19) 



r=l 



where the signs ± refer respectively to the fields <p z *,M an d V 9 ^, M- 111 these notations 
one has: M = (N x , . . .,N d ). 

According to eq. ( TT9T) . the lightest states turn out to be yv- )0 for positive 
eigenvalues A r , otherwise <fg r ,o- 111 the case d — 3, among these, the lightest one is 
massless if the Af = 1 susy condition |A r | + |A S | = |A t | (r ^ s ^ t) is imposed. Then, 
by applying creation operators on the massless state, two towers of Kaluza-Klein 
states are generated. Their spectrum, when the M = 1 susy condition is imposed, 
is contained in the expression: 



The same KK spectrum will be shown in a while to be obtained by solving the 
equation of motion for the fermions. This property is the standard Bose-Fermi 
degeneracy that is peculiar of supersymmetric theories. 

The eigenfunctions relative to the ground state is obtained by solving the first- 
order differential equations 



These sets of equations, dependent on the sign of A r , are unified by introducing 
new coordinates (Z 1 , . . . , Z 2d ) = (z 1 , . . . , z , z 1 , . . . z ) with 
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M 2 k = 2^\\ r \(N T + k) ■ k = 0, 1. 




(20) 



z T for A r > 



z r for A r < 0. 



(21) 



In this frame, the background field becomes: 




(22) 



with the associated vector potential: 



Af^{B r ) = -\F^ s = -\\KW. 



Eqs. ff20|) are now expressed in a unique differential equation 




(23) 
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The solution is 

O = e -&Li2 r \*r\Vfffl = l^l z 7(z) (24) 

with /(z) being an holomorphic function of the coordinates which is determined by 
the boundary conditions. 

It is interesting to notice that the wave-function (|24p . when rewritten in the 
original system of coordinates Z 1 = (z r , z r ), may depend on both the holomorphic 
and anti-holomorphic variables. However, it never simultaneously depends on a 
variable and its complex conjugate, i.e. on z r and z r (same r). Therefore, from this 
point of view, / is always a holomorphic function of the complex coordinates. 

Boundary conditions are dictated by the transformation properties of the scalar 
fields under the torus translations [^SIED]- The complex torus, in the z-frame, is 
defined through the lattice identification: 

z r = z r + C Wr n [m? + jyt ^m] (25) 



with 
where 



n = (C^)- 1 ^ (26) 



c{ xy = | 1 + sign(A r ) ^ ^ r | ^ 1 - sign(A r .) ^ ^ r _ ^ ( _ A)r 
d Wr = I 1 + sign(A r )\ C r U+ n- sign(A r )\ ^ = d (_ A)r 



while n = (ct-^)- 1 ^-^. 

We notice that the matrix fi, with all the A r s having the same sign, coincides 
with the complex structure of the torus or its complex conjugate. In comparing 
eq. ( |25l) with eq. (jHJ), one can see that it plays the same role as the complex 
structure U in the z- frame. For these reasons Q will be named the "generalized 
complex structure" . 

(z) 

The behavior of the vector potential A r under the lattice translations 
A?\z + = A?\z) + ; A?\z + &\ a) ) = A?\z) + dr X § 

defines the corresponding gauge transformations 

xgj = -^1A r |(dW)^f s) + l^|A r |((7W)^f s) (28) 

s times 

with 77K = (0, . . . , 0, 1, 0, . . . ). The holomorphic function appearing in the definition 
of the ground state is determined by imposing the identifications 



0o(z + C% {s) , Z + C(% s) ) = e ix w0 o (z, i). (29) 
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The solution is obtained by writing eq. ( 124)) in the equivalent form: 



O = e -\vmu\tc^c^\ X ^ m (30) 

and observing that 9 satisfies the following periodicity conditions when translated 
along the cycles of the hypertorus: 

0(2+C% (s) ) = 0(2) 
6(z + C^n V(s) ) = e-l^i^cw^icw^-z+n^]^^ (31) 

where we have used the identity C^T]^ = C (A) C (A)_ C^r]^ = C w Qt] {s ). 

We would like to stress here that the boundary conditions written in eqs. ( 13T]) 
are valid if the following condition holds: 

F {xx) = . (32) 

In fact, eqs. (l3Tj) are derived under the assumption that the product C^* \T\ \ 
is a symmetric matrix. The physical meaning of this constraint comes out if one 
rewrites the gauge field given in eq. (122 j) in the original system of real coordinates. 
Details of this calculation are given in appendix O The result is that the symmetry 
of the previous matrix requires F^ xx ^ to vanish, while one derives: 

ptoi) = 1 C (x)t \Z x \C (x) ImQ ■ F {yy) = -F {xy)t Q + Q'F^ . (33) 
(27rit) 2 

By using the previous relations in the second line of eq. ( )3T1) . one gets: 

0(2 + C^n V{m) ) = e-i^v^F^c^z+n^]^ (34) 



The solution of eq. ( 1231) is characterized by a Riemann Theta function with the 
boundary conditions in eq. 



0(2) = 6 

with 



J 




(IC W 'zjJO) (35) 



I = (2nRf— . (36) 

This is known to be well-defined only if the matrix F^^Vt is symmetric and 
F^Tmfi > [23]. From eq. (GSD one can see that the first requirement is 
satisfied if 

F (yy) = o. (37) 



11 



In appendix [C] it is shown that also the second condition is fulfilled. Summarizing, 
the wave-function as written in eqs. (130]) and (|35|) is the solution of the Laplace- 
Beltrami operator with the boundary conditions imposed by the torus geometry 
only if the components xx and yy of the magnetic field are vanishing [2T] . 
Finally, in order to satisfy the first line of eq. (13TT) . one has also to impose: 

I t ]=me 1 d (38) 

i— times 

with j G Z d . By introducing the unitary vectors e\ = (0, . . . , 0, 1, 0, . . . )* in Z d and 
writing m = m*ej, one can define the lattice [22] 

3 = m l 3i ; li = I~% ■ 

Different values of j give different wave functions associated to chiral states hav- 
ing the same mass. Therefore j labels the mass degeneracy of the ground states. 
The Riemann Theta function is invariant under the translation j — > j '• + e*j and 
the inequivalent values of m, namely the values of fh which lead to different wave- 
functions, are those inside the cell determined by the vectors e«. The determinant 
of the matrix / which connects the two sets of vectors j\ and e*j provides the quan- 
titative measure of the inequivalent m's and therefore gives the degeneracy of the 
ground state. 

The full wave-function of the ground state, in the real coordinates system and 
in the case F {xx ^ = = 0, is 

O = = C ab e igt g+ilfn -» frk** e m( ™ + ^ t/abnab( ™ +J " )+2 ^ ( ™ +J " )t/a6( ^ ii) (39) 

Hez d 

with C a b being an arbitrary overall constant. The choice of this constant affects the 
normalization of the kinetic terms of the scalars. In appendix O it is shown that 
canonically normalized kinetic terms are obtained by taking 

C ab = V^}V r2 l /2 [det(/ a Jmfi afc )] 1/4 

being V T 2d the torus volume. It is also interesting to observe that 

0f(n te ) = (<pf (n ab )y 

which follows from the identities l ab = —ha and Q^a = (&ab)*- This is a consequence 
of the definition of 0, written after eq. (|27p . 

The wave-function (139|) can be easily compared with eq. (5.39) of ref. [22] where 
the negative chirality wave-function on the torus T 4 with trivial complex structure 
is given. The two expressions coincide if the generalized complex structure here 
introduced is identified with the modular matrix iQ defined in that reference. Such 
identification will become more transparent in the next section where it will be 
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explicitly shown that in a torus T 4 with complex structure U = il the generalized 
complex structure reduces to the modular matrix written, for example, in eq. (5.43) 
of ref. [22]. 

Eq. (1391) can be also compared with the wave-function of the chiral scalars 
defined on the factorized torus {T 2 ) d and given for example in ref. pi]. On the 
factorized torus, the background gauge field is already a block diagonal matrix and 
the signs of its eigenvalues coincide with the ones of the first Chern classes. In this 
background, the generalized complex structure is the following diagonal matrix: 

ns ^(...,(Lt^) Ur + (l=l&±)o r ,...) . (40) 



The U r s are the complex structures of the single component T 2 of the factorized 
torus (T 2 ) d . The corresponding wave-function will be the factorized product of d 
functions, each of them depending on the holomorphic U r or anti-holomorphic U r 
variables, according to the sign of A r . Such wave-function, whose holomorphicity 
properties are related to the signs of the first Chern classes, coincides with the one 
introduced in ref. |27j . 

Summarizing, the solution of the Laplace-Beltrami equation on a torus T 2d with 
arbitrary complex structure has been found. This solution provides the internal 
wave-function of the chiral scalars corresponding to the open strings ending on two 
stacks of magnetized branes. The difference in their magnetization is a matrix 
having non-vanishing elements only along the non-diagonal blocks. Under this 
assumption and after having chosen a suitable ansatz for the internal wave function, 
the boundary conditions dictated by the magnetized torus geometry reduces to the 
quasi periodicity conditions satisfied by the Riemann Theta function. Let us notice 
that such assumption, in the case of only one dy-charged sector is not restrictive 
because a generic antisymmetric matrix, associated to the unique difference F ab of 
the magnetic fields on the two piles a and b, can be always recast in a matrix having 
vanishing elements along the diagonal blocks through an orthogonal rotation. But 
in the case of more dy-charged sectors, it is not possible to put all the differences of 
the magnetic fields simultaneously in that particular form unless extra conditions 
are imposed. That is why, being interested in the computation of the Yukawa 
couplings, where three wave-functions are involved, we have imposed the vanishing 
of the diagonal blocks of the magnetic fields. This is reminiscent of what happens 
in the stringy calculus of the Yukawa couplings on T 6 [21] that is, in fact, performed 
under the assumption that all the monodromy matrices associated to the different 
dy-charged sectors are commuting. 

In principle, it should be possible to find the solution of the Laplace equation 
also in the most general case of a background magnetic field described by a matrix 
with all the entries different from zero. From the analysis here performed, it seems 
that this solution should not be the Riemann Theta function even if a final answer 
to this question needs a more exhaustive study. 
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3.2 The Dirac equation 



The ten-dimensional fermion kinetic term of the M 
the world- volume of a stack of N D9-branes is 



1 SYM theory supported by 



2S 2 



(Fx\/G A I d & X N m ba 



T M D M W 



ab 



(41) 



where, in view of a subsequent dimensional reduction, the internal compact direc- 
tions have been separated from the four- dimensional ones. Compactification of the 
action ( T4Ti) is obtained by first decomposing the Dirac matrices in the factorized 
product of the D = 4 and D = 6 representations of the Clifford algebra, as shown 
in eq. ( l66i) . and then by expanding the ten-dimensional fermion fields in terms 
of the wave-functions which are solutions of the internal Dirac equation, with the 
boundary conditions implied by the compact geometry [13] 



ab 



5> 



® Vn 



mnVn 



(42) 



In analogy with the dimensional reduction of the bosonic kinetic terms, the eigen- 
function problem of the Dirac equation is solved in the complex frame Z where 
both the metric and the magnetic background are diagonal in the non-vanishing 
off-diagonal blocks: see eqs. ([HD and (|TU|) . In this complex frame, the Clifford 
algebra becomes: 



7 , 7 



45 r 



while all the remaining anti-commutators vanish. This algebra is the usual one of 
fermion creation and annihilation operators and the gamma-matrices can be iden- 
tified with such operators. According to the identifications (|18|) . also the covariant 
derivatives satisfy, apart from a factor, the algebra of the bosonic creation and 
annihilation operators. Then, the massless state living in the kernel of the Dirac 
equation is obtained by defining a factorized vacuum T] (2 , Z) = u <8> (po(Z , Z). 
Here, Uq is a constant six-dimensional spinor and 0o is a function of the internal 
coordinates, both vanishing under the action respectively of all the fermionic and 
bosonic annihilation operators 



D^M2,Z) = ; 7g«o = I for A r > 
Dl z ^ o (Z,Z) = ; 7(J,«o = ; for A r < 



(43) 



together with the boundary conditions given in eq. (|29l) . Eqs. ( l4"3l) show that 
for positive A r the holomorphic gamma-matrices 7^ have to be identified with the 
annihilation operators, while the anti-holomorphic Dirac matrices play the same role 
for opposite signs. This sign-dependent identification can be avoided by rewriting 
the gamma-matrices in the Z-frame where the coordinates are seen as holomorphic 



14 



or anti-holomorphic according to the sign of A r (see eq. (I2ip ). In this frame one 
always has that 7^ and 7^ are identified respectively with the annihilation and 
creation operators. 

The solution of eq. (1351) is then obtained by assuming </> to be the wave-function 
in eq. (1391) and by defining u = 7 Xo> f° r positive eigenvalues A r and uo = 7^X0 
for negative eigenvalues, being xo an arbitrary eight-component spinor. In the 
Z-coordinates we have: 

3 

Vo (Z, Z) = W^x, ® ^(Z, Z). (44) 

r=l 

This spinor is chiral. In appendix |B]it is explicitly shown that it has positive chirality 
when, in the Z coordinates, an odd number of Dirac matrices with anti-holomorphic 
indices appear in its definition, while it has negative chirality in the other case. The 
signs of the A r s also determine which combinations of gamma-matrices appear in 
the definition of the massless states and for this reason one can verify that the 
six- dimensional chirality is given by the product of such signs. Finally, those signs 
also impose the wave- function and its complex conjugate to have opposite chirality. 
This is also true in the case of the T 2 -torus [13] . 

The whole spectrum of the Kaluza-Klein fermions is obtained, following the 
standard procedure, by squaring eq. ( 1421) : 



3 , j 
-(-yf)Dfl^)Df)vn = zZ[ \K\{2N r + l)-- L , (6) , /{6)J K v r| 

r=l ^ 



4 

2 



7(6) > 7(6) 



Ar 



= (2nRym 2 nVn , (45) 

where the bosonic number operator, defined in the previous sections, has been 
introduced and the expression of the background gauge field given in eq. (122]) has 
been used. 

The vacuum state shown in eq. (T4"4"|) satisfies the previous equation with m = 
and, applying on it an arbitrary number of bosonic oscillators 



3 



][[7 Zr Xo®0j(^ Z) 



(a\r (aif> (4)* 

r=l 

a set of Kaluza-Klein states are generated with masses 

3 



1 2 ^|A r |iV r . 



(2nR)< 



r=l 



The next level in the fermion Fock space, satisfying eq. ( 1451) . is obtained by applying 
a fermion creation operator on the massless state 

3 

^H^Xo^^izJ) ; fc = l,2,3. (46) 

r=l 
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These are three states with mass m? = 2|Afc|/(27ri?) 2 . Their chirality can be de- 
termined first by defining x — 1 Z Xo as a general six-dimensional spinor and then 
counting, in the Z coordinates, the number of holomorphic Dirac matrices acting 
on it. This number differs by one from the number of the same matrices acting on 
the vacuum. The relation between chirality and the number of holomorphic Dirac 
matrices makes one conclude that the states (jHJ) and (jiUl) have necessarily oppo- 
site chirality. Finally, by acting on this level with an arbitrary number of bosonic 
creation operators: 

(a\) Nl (4)^ (4)^7^ II l Z "xo ® <Pj(Z, Z) k = 1, 2, 3. 

r=l 

a tower of KK states is generated with masses given by: 

Other KK towers are obtained by acting on the vacuum with two or three fermion 
creation oscillators and an arbitrary number of bosonic oscillators 

(air (4r (aS) VV% ; (4)" 1 (4)* (4)* n-Ab 

k=l 

with k,l = 1, 2, 3. These are three and one tower of massive states having respec- 
tively the same and opposite chirality of the vacuum. Their mass spectrum is given 
by: 

All the mass formulas can be collected in a more concise relation by introducing 
the fermion number operator iV/ = 0, 1 and by writing 

2 3 

< = J2 \ X r\( N r + Nf) ■ (47) 

The masses of the KK states are parameterized by the bosonic and fermionic oc- 
cupation numbers (N r , N?). States having occupation numbers (N r , Nj. = 0) and 
(A^ r — 1, iV/ = 1) have the same mass but opposite chirality and they are the two 
components of a four-dimensional massive Dirac spinor. 

The mass spectrum f)47p . as explicitly shown in appendix [Ej coincides with the 
zero-slope limit of the string mass formula in the R-sector and for dy-charged open 
strings. 
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All these states, solutions of the Dirac equation, are written in the Z-fr&me 
which has been introduced in order to diagonalize the off-diagonal blocks of the 
magnetic field and so it is necessarily dependent on its background values. In 
configurations involving several piles of magnetized branes there are a lot of such 
frames, each of them associated to the sets of dy-charged open strings stretched 
between different stacks of magnetized branes and therefore there are many wave- 
functions depending on different local system of coordinates. The calculation of the 
effective actions demands the evaluation of overlap integrals among three or more 
of these functions. One has to re-express such states in terms of quantities defined 
in a unique system of coordinates as the W M one. In this frame one can write: 

f- =*\ TT fsyr (1 + Si g n -^r) w ° ™ (1 - SigIlA r ) lT .s\ , ._ =k , ^ . 

Vo(w, w) = ( C s~ f V + C r s - f V J Xo ® <t>]{w, w) (48) 

r=l ^ ' 

where C*, C r s are the inverse matrices of the ones defined in eq. (JSJ) and 0j is a 
scalar function of the coordinates. 



3.3 Example: T 4 with complex structure U = i\ 

In order to compare the results here obtained with the ones in literature, it is useful 
to specify the wave-function, the equation of motions and the background gauge 
field for the torus T 4 with the trivial complex structure [22J. 
The torus is defined by introducing, in M 4 , the identifications 

x i = x i + 2nR ; y i = y { + 2nR ; i = 1, 2 

with the metric given by: 

ds 2 = 5ijdx l dx^ + 5ijdy l dy^ . 

Complex variables are introduced in the standard way: 

j x l + iy % 

These define a complex torus with complex structure U = The non- vanishing 
block of the difference F ab between the background magnetic fields activated on the 
world-volume of the two piles a and b, for any sector ab, is: 

pixy) = f fn fl2 
V fl2 f22 

This matrix is symmetric because of the eq. (j3J) which implies F = F^ ImU^ 1 = 
p( x v) anc i f condition F^ = F which becomes F* = F on a real matrix. 
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The eigenvalues of this matrix are real and given by 

and the corresponding orthonormal eigenvectors are: 

-a \ 1/1 



y/WTi V 1 / ' V^TT V a 

with a = 2fcT ~ 2]^V(f 22 ~~ Ai) 2 + 4/i2 which is a real quantity because the 
argument of the square root is positive definite. These eigenvectors, according to 
eq. are collected in the matrix 

C- 1 =C t = C= - 1 ( ~ a 1 ] (49) 

and the non-vanishing element of the gauge field becomes: 



c WW 



X- ( 1 a \ A 



2 

a —a 



(2nR) 2 (a 2 + 1) \ a a z J + (2kR) 2 {o? + 1) \ -a 1 ) ' ^ 

Eq. f )50|) has the same structure as eq. (5.7) in ref. [22]. In the following, just 
to fix the notation, we assume that A + is positive while A_ is negative. However, 
according to the definition of the matrix given in eq. ( I2"7|) . being C real, we 
have = C and 

a + 1 \ 1 a J \ -1 -a J 

(51) 



1 - a 1 2a 



« 2 +i V 2a a 2 - ] 

Again, this equation is formally identical to eq. (5.43) of ref. [22]. By using it 
together with the definition of C^ x > and eq. (I3"3"j) . it is simple to compute F^ xy > and 
to check that it is equal to eq. (ISTJj) . 

The solution of the Laplace-Beltrami equation, according to the general analysis 
made in the previous section, is equivalent to solve: 

D[ 2) <p = ; DfVo = (52) 

with the boundary conditions given by eq. ( 129|) . When written in terms of the flat 
coordinates w,w introduced in eq. (JSJ), eqs. ( 152]) become: 

(d™ (C- 1 ) 1 , + L>f (C- 1 ) 2 ,) 0o = (-a D? } + Df } )0 O = , 

(/^ (C- 1 ) 1 , + {C- l )\) 0o = {D™ + aD^)<j> = 0. (53) 
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These are formally the same as eqs. (5.4) and (5.5) of ref. |22j . 
The Dirac equation, instead, is solved by rewriting r} as follows: 

r ]0 (x n ,y n )=u M^ n ,y n ) 

where (f) (x n ,y n ) satisfies eqs. (1531 and u is a constant spinor annihilated by the 
fermion destruction operators: 

7 2l w = ; 7^ 2 m = . 
The solution of these equations is: 

z 1 z 2 \ 
u = 7 7 A , 

A being an arbitrary spinor. By rewriting it in the system of coordinates w one 
gets: 



u 



a 2 + l 





)( e 


17(4) + 


n 2 ~,w 2 

C 27(4) 


/ 





\ 




( Al \ 


4a 


-4 







A 2 


4a 2 


-4a 







A 3 








0/ 




V A 4 / 



A 



/ 

4aA 2 - 4A 3 
4a 2 A 2 - 4a A 3 

V o 



(54) 



where the following representation of the Dirac matrices has been used: 

,-3 . „,tD _3 



7(4) = 7 



a 



7(4) = 7 



7(4) = ^®l w ; 7(4) = I ® 7 



a ' 

w 



The matrices r y w,w are given in eq. (1671) and a is one of the Pauli matrices. The 



internal chirality, instead, turns out to be 7 = a <g>a . The spinor ( 1541) has negative 
chirality and the ratio of its two non- vanishing components is 1/a. By comparing 
it with the same ratio of the two components of the spinor (5.18) of ref. [22J, we 
get completely agreement with q = 1/a. This value makes Q, given in eq. (|5T|) . 
coincident with Q introduced in ref. [22] (see eq. (5.43)). Finally, by using it again 
in eq. and identifying A + = (27ri?) 2 (l + q 2 )N ri and A_ = (27ri?) 2 (l + g 2 )iV 2 2, 
one can see that this equation becomes identical to eq. (5.7) in ref. [22] . The wave- 
function given in eq. (139|) can now be easily compared with the second line of eq. 
(5.39) of the aforementioned paper. 



4 Yukawa couplings for magnetized branes com- 
pactified on T 6 

The general expression of the four-dimensional Yukawa couplings, involving chiral 
dy-charged matter has been obtained, in the framework of magnetized branes, in 
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ref. [13]. Here we give the result: 



2^ 



(55) 



where ipo and y?o are respectively the lightest fermionic and bosonic excitations of 
the Kaluza-Klein towers. These are massless in the case of the fermions while the 
lightest boson becomes massless only if a supersymmetry condition is imposed. In 
the following, in order to fix notations, we choose A" 6 to be positive and we impose 
the supersymmetry condition: 

|Af | = \\f\ + \\f\ 

where the As are the eigenvalues of the difference of the background magnetic fields 
living on the branes labeled with the a, b indices. The massless scalar with this 
choice of the magnetic field is while with the opposite choice of Ai is I n 
the chosen notations, only the first term in eq. ( 155]) contributes to the Yukawa 
coupling for massless particles and one is left with the expression 

= J dV^"7?4)^V4^' (56) 
with the Yukawa coupling constants, in the string frame, given by 

Y s 



' '<)%fu bc y s (57) 



2 



■2g 

being 

y s = [ d 3 xd 3 y^ 6 ((P a c (Z ac , Z ac )) ] cj)f{Z a \ Z ab )<f) b c (Z bc , Z bc ) . (58) 
ire 

The spinors Uq and ipo are defined in eqs. (fl3"|) and (H2|) where, as explained in 
sect. [2], the magnetic dependence of the complex coordinates has been empha- 
sized by labeling them with the indices specifying the stacks of branes where the 
corresponding open strings have their endpoints. 

The spinor product in eq. ( 1571) determines which fermions do not have vanishing 
couplings. In fact, such product is different from zero only if the two constant spinors 
have opposite chirality. This feature, shown to be true in the case of the factorized 
torus (T 2 ) 3 in ref. [27], can be proven by first observing that the complex Dirac 
matrices anticommute with the chirality operator 

7 Z 1 
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and by computing the product 



it 



ac\f 



Z ib„.bc 



;-ir c (<)\ 6 r7(Vo c 



-(-i)^ + ^K c )t 7( ^< 



which is different from zero only if the two spinors have opposite chirality. Here, 
we have denoted by (— l) v (77 = 0, 1) the chirality of the constant spinor. 

The first factor in eq. ( [571) also determines the holomorphy of the wave-functions 
that give a non-zero Yukawa coupling. With our choice of the massless scalar, the 
definition of fermion vacuum given in eq. ( HHj) leads to a non-vanishing coupling 
only by taking i]q c either as the product of three anti-holomorphic Dirac matrices 
acting on a general spinor (all the A£ c 's are negative and Q bc = U) or as a mixed 
product of holomorphic and anti-holomorphic Dirac matrices acting again on a 
general spinor (the signs of the A^'s are mixed). In the latter case the matrix Q bc 
is neither equal to the complex structure of the torus nor to its complex conjugate. 
Similar consideration can be given to the spinor (uq c Y with the proviso that this 
spinor has to be taken with opposite chirality with respect the one of Uq c . It is 
worth to observe that, even taking t]q c completely anti-holomorphic and the scalar 
completely holomorphic according to our initial choice of A" 6 > 0, one cannot use as 
{uq c Y the product of holomorphic or anti-holomorphic Dirac matrices, because their 
algebra would necessarily give a zero result. Non- vanishing Yukawa couplings have 
then to involve an overlap of wave functions where at least one of the three matrices 
Q is different from the torus complex structure U or from its complex conjugate 
U . For this reason, an overlap integral among wave functions depending on three 
arbitrary matrices Q is now going to be evaluated. Details of the calculation are 
given in appendix [Dl The result follows: 



X 



L bc) 



x V [det(-i(I ca Q ca + I ab Vt ab + I bc Q bc ))} 



-1/2 



E 

;3 
3 







«-^L0'3-i2)+-^P+7 



(o|n) 



(59) 



with 

n = 
v = 



ol ((Q ab I ab + VL bc I b c) — {VL ab — fl bc )(I ca fl ca + I ab Q ab + hMbc) l iS^ab — ^bcY) of 

1 



X 



E 



8, 



til lab+jl Ibc+rfc IabWab+hc)' 1 ^ 



ma, 11 

v ab be ' 



being x defined in eq. (|84|) and a = det [I ab I bc ]I [22] . The matrix a has been 
introduced in eq. (JTTl) of appendix [D] to make the product a(I~ b + I b( }) an integer 
matrix. This has been essential in getting an identity between the product of two 
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Riemann Theta functions. As in the case of the calculus of the Yukawa couplings 
on the factorized torus, it is the main ingredient to compute the overlap integral of 
three wave-functions giving the Yukawa couplings on the general torus. 

Eq. (1591) simplifies when all the differences of magnetic fields living on the 
various stacks of magnetized branes are independent but commuting. An analo- 
gous string calculus of the Yukawa coupling has been performed in ref. [21]. In 
such a configuration, it is convenient to introduce the matrix having integer entries 
P = ozl^ I b ~ c and to observe that: 



e 



pgZ 3 , 
det[/6c]'i, c 



IP IIP* 



e 



i ab (J3-32) 



(o|n) (60) 



with 



n 



labhc [iP'oblab + ^bc^bc) 



— (^ab — &bc)(Icaftca + lab^ab + hc^bc) 1 (^a6 — ^bcY) 



be ■ 



More details on the identity written in eq. (1601) are given at the end of appendix [D] 
Eq. (1601) could have been directly obtained by performing a different choice of 
the matrix a. When all the first Chern classes commute, the quantity ctfP^ 1 + P^ 1 ) 
can be made an integer matrix by choosing a = labhc- With this choice, as it will 
be explicitly shown in appendix [Dj there is no need to introduce the vectors p and 
p. Furthermore, the quantity II = II and the characteristic of the Theta function 
comes out already in the form P^*(j3 —32)- 



4.1 Example: Yukawa couplings on factorized torus. 

The expression of the Yukawa couplings derived in the main section describes also 
the factorized torus T 6 = T| where the background gauge field P is 

P = Fndx 1 A dy 1 + F u dx 2 A dy 2 + F 56 dx 3 A dy 3 

while the metric is 

ds 2 _ s Kr 2 r \dx 2r ~ 1 + U r dy 2r \ 2 

Here, and T{ are respectively the imaginary parts of the complex and the Kahler 
structure of the two tori PJ in P 6 (r = 1, 2, 3). 

The complex frame z, where the metric and the magnetic field strength are 
trivial, as in eqs. ([7]) and (ITU]) , is introduced through the definitions 

w r = C r w m . 




+ U r y r 
2vrP 
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The real matrix C is diagonal and coincides with C^ x > . The gauge field in the 
complex frame is already diagonal in its non-vanishing blocks 



2 j - Jl t^z — -dz r A dz r 



r=l 



T 2 r 2 



(2nR) 



2 r 2r-12r 
27T 



(61) 



and the same property is true for generalized complex structure as shown in eq. 

<m>- 

The calculus of the Yukawa couplings for chiral matter involves three different 
background gauge fields associated to three different stacks of branes. All these 
fields in the complex frame are already (1,1) forms and their non- vanishing compo- 
nents are already diagonal matrices. The z-complex frame is then universal, being 
the same for each gauge field. These latter are simultaneously diagonal and one can 
write: 



lab + he + L 







Kb + Ke + Ka = V Vr = l,2,3 



with A r = I-rU^F '/7% ', as can be derived from eq. f lBTj) . and / = diag(J 1 , J 2 , I 3 ). 
It is now straightforward to evaluate: 



Ica^ca lab^ab Ibc^bc 



diag 



Jjr _ jjr 



vfca^ca + Vab^ab + Vbc^bc) 



n ab lj + QbJ^ = diag 



V 1 ab 1 



be 



+5. 



U 



jjr 



$n r 1 T 1" ~r~ + 8-n 

T lab' L \ Tr Tr I v, 



- ab 



L bc 



lb' Vbc ^ab' 



Jjr jjr 
°vZ.,-l I T7- I" "77" 



- ab 



l bc 



with 1] = sign A. From these expressions one can compute 
a~ IIa;~* = diag 



( + ) i( S v r ab ,v r bc + 5 v r ab -vlM b ^ a ) { 6 v r ab ^ Ur + 6 v r ab ,-i Ur ) 



+5, 



By using these identities in the Yukawa couplings, an agreement with the corre- 
sponding expression, given for example in ref. |27j, is obtained if a = I a bhc- 



5 Conclusions 

The field theoretical approach pursued in this paper reveals itself to be a very ef- 
ficient tool in the determination of the low-energy effective actions of branes with 
oblique magnetization. In particular, it has allowed us to derive the Yukawa cou- 
plings for chiral matter in the case of a torus with both an arbitrary magnetization 
and an arbitrary complex structure. The analogous calculation in a pure stringy 
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approach is still missing, since it has been performed only for a general torus with 
commuting monodromy matrices [21]. Of course, this would be an interesting di- 
rection to follow, along the lines explored in refs. [28l|33] since it could shed light 
on the string quantization on a general magnetic torus. 

Extensions of the results here obtained to the case of magnetization along the 
non-Cartan generators of the gauge group could be interesting for exploring con- 
nections with F-theory phenomenology. 
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A Notations on space-time indices 

The ten-dimensional Minkowski metric is chosen with the mostly plus signature 
Vmn = (~, +,-..,+) ! M,N = 0,...,9. 

The ten-dimensional indices are separated in the four-dimensional ones \x = 0, 3 
relative to the Minkowski space, and N = 1, ... ,6 relative to the compact ones. 
The compact indices are called "flat" if the coordinates refer to an Euclidean metric 
otherwise they are called "curved" . 

The capital letters M,N = 1,...,6 are used for the real curved coordinates 
spanning the transverse compact space. The real flat transverse indices are instead 
denoted by the letters I, J — 1, ... ,6. The indices m, n — 1, . . . , d label curved, real 
or complex, coordinates while r, s — 1, . . . , d denote the corresponding flat ones. 

B The torus T 2d 

The 2c?- dimensional torus T 2d is identified with the euclidean space M, 2d modulo a 
2 d- dimensional lattice A = {m l Ei + m 2 ^ + • • • + m 2d E2d) generated by the set of 
vectors (Ex, . . . , End), with m M G Z. One can introduce, for the sake of simplicity, 
the set of versors (ei, . . . , e.2d) with cm = , J M M . By definition, then, the torus is 
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obtained by imposing on a generic point P G M. 2d of coordinates X, the following 
identification 



X 1 =X I + 2TxRm M e I M . (62) 

Let the 2d coordinates X M in X be grouped in d couples of coordinates (x n ,y n ), 
according to the definition (x n ,y n ) = (X 2n ~ 1 ,X 2n ) with n = l,...,d. Then, one 
can rewrite eq. ( |62l) in the "lattice frame" , where the axes are parallel to the versors, 
as follows: 

x n = x n + 2itRm\ ■ y n = y n + 2nRrrq 

after having put m M = m" [m^] for M = 2n — 1 [M = 2n] with n = 1 , . . . , d. The 
metric in this frame is given by: 

ds 2 = dX M G MN dX N (63) 

and, denoting by e 1 N the components of the lattice generating vectors in an or- 
thonormal frame, one gets: Gmn = ^m^ij^n {^^^^J — 1, ...,2rf) [2^1130] . 
The lattice vectors, by definition, are the vielbein of the metric and allow one to 
introduce flat coordinates (x', y') — e ■ X having an euclidean metric. One can 
also introduce complex coordinates. The geometry of the complex torus is now 
described by: 

dW M = U M N dX N ; dX M = {U- 1 ) M N dW N (64) 
where W M = (w m , w m ) and 
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U is the complex structure and the Kahler metric is defined by: 

ds 2 = (2TrR) 2 dw t hdw . 
The complex torus is obtained by the identification: 

w n = w n + m™ + U n p m p 2 = w n + U n M m M 

where the dx2d period matrix U = (I, U) [32] has been introduced. The hermitian 
metric h can be written in terms of holomorphic and anti-holomorphic vielbeins 



6 m 3rs & fi i r i ^ 1, . . . , d 

with (e^)* = e^. Let e m r and e n s the inverse of the vielbeins, i.e. 5 rS = e rn r h m ne a s- 
The vielbeins allow one to introduce the complex variables: 

W 1 = e< M W M ; e\ = ( ^ ^ ) (65) 
25 



with W = (w r , w r ) having a flat metric 

ds 2 = {2irRfdw r 5 rS dw~ s = ' dVV T 'GdVV ; Q = ( J J 

An orthogonal system of coordinates can be easily introduced by defining new 
coordinates (x r , y r ) related to the complex flat ones by the relation: 



X I = {S- l ) I jW J ; S 



I il 
I -il 



It is trivial to check that ds 2 = (2irR) 2 (dx 2 + dy 2 ). The relation between (x, y) 
and the early quantities (x, y) is X M = (U- 1 ) M N e N I S I J X J = e M jX J . The quantities 
denoted by e are the inverse of the vielbein and are mapped by an orthogonal 
transformation to the vielbein e M j introduced at the beginning of this appendix. 
The ten-dimensional representation of the Clifford algebra 



with g 1 ^^ = (rj ftv , G MN ), is realized by the following Dirac matrices^ 

r^ = 7 f 4) ®i( 6 ) ; r M = 7{ 5 4) ® (66) 

with 

l7?4,,7fo} = 2ir ; W), 7&} =2G MN 



A representation of the Dirac matrices that satisfies the Clifford algebra with 
G- 1 = 2Q- 1 is 

7 g = 1®^ ® f r ® ( a 3)®(3-r) . T g = j»(r-l) ^ yB- ^ ^(3-r) 

with 

It is straightforward to verify that 

(7(6) > 7(6) ) = (7(6) > 7(6) 1=°. (7 ( 6) > 7(6) } = 4 <) • 

The six-dimensional chirality is defined, in the real euclidean system of coordinates, 
as follows: 

6 
7=1 



'in the following we restrict our analyses to the case d = 3. 
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The s satisfy the Clifford algebra |7( 7 6 ), 7(6) | = 2<5 7J and they are chosen to be 
hermitian matrices. 

In the flat complex space the chirality becomes 

sTJfQ-lVnr' A i 7 (6) + 7 (6) 1 ( 7 (6) ~ 7 (6) 1 

7 ( 6) = )Ae) = 11 I 2 J [ 2 J ' 

Now, it is simple to convince oneself that a set of eigenf unctions with positive 
chirality are given by 

7(6) 7(6) 7(6) A > 7(6) 7(6) 7(6) A 

-1 9 - ^ -1-9 ,; t 

7(6) 7(6) 7(6) A > 7(6) 7(6) 7(6) A 

being A a general eight- dimensional spinor. Notice that in these states it always 
appears the product of an odd number of matrices having holomorphic indices. 
A set of eigenfunctions with negative chirality is obtained by applying on A the 
product of three Dirac matrices with different space-time indices and with an even 
number of holomorphic indices: 

-1—9—3 1 9 _ Q 

7(6)7(6)7(6) A ) 7(6)7(6)7(6) A 
7(6)7(6)7(6) A ! 7(6)7(6)7(6) A • ( 68 ) 

In this paper another set of complex coordinates, denoted by (Z r ,Z r ), has been 
introduced having flat metric and with the property that the background magnetic 
field is a block-diagonal anti-symmetric matrix (see eq. (FlOl)). The Dirac matrices 
are: 

7(6) = C .7(6) I 7(6) = C j7(6) > 

where the unitary matrices C and C have been defined in eq. (J5J). Again, in this 
frame, a set of eigenfunctions with negative chirality is obtained by applying on a 
generic spinor the product of an even number of Dirac matrices with holomorphic 
indices. We can prove this statement by observing that such a spinor either contains 
only anti- holomorphic Gamma matrices or depends on just one anti- holomorphic 
index, like the states 7^)7^7^) A (f ^ to / 4 In the first case, one trivially has 
negative chirality because of eq. ([5S]) . while in the second one, applying 7^ on the 
spinor yields: 

3 

1 3 

+ 26 1^ [ C r C s C s ~ ^ s C r C s) 7(6)7(6)7(6)7(6) [7(6)7(6) ~ 7(6) 7(6) J 7(6) 7(6) 7(6) A 

1 3 3 

= -{c\ 1 xl))^i% ) Wh% ) )\^- Y (cr r cr a c' l -cr a cr r c M t )]l'r^ . 

rj^s=l u=l 
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Once that the identity Y^=i C V S C Z S = 5 VZ is used, the last term in the previous 
equation vanishes. This latter identity follows from the unitarity of the C~ l matri- 
ces: 

(C^f/rsiC' 1 )^ = 5 p g 

which implies 

5 rS C p r 5 P q = {C- 1 )^ C l - s 5 r ~ s C p r = 5 lp . 



C The wave- function 

The main ingredient of the bosonic and fermionic wave-function is the Riemann 
Theta function 



in(n+jy io (n+j)+2ni(n+j) t (v+i) 



(69) 



with u being a symmetric d x d matrix with a positive definite imaginary part. It 
satisfies the quasi-periodicity conditions 



e 




(z7 + m| u ) = e 27ri ? A Q \ 1 1 (u\ u) 



(z/ + <jjrn\u) = e 



-nirfi* u m—2mm 



V\OJ) 



(70) 



It is useful to give the proof of the proposition (6.4) of ref. [23], which concerns the 
product of two Riemann Theta functions 



e 



(ii|nicu)0 

> e " 



J2 
12 





[z 2 \n 2 uj) = ^ G 

m€Z d /(n 1 +n 2 )Z d 



n 1 m+j 1 +j 2 





n 1 n 2 m + n 2 ji —n 1 j 2 
nin 2 (ni+n 2 ) 





(n 2 zi - niz 2 \nin 2 {ni + n 2 )u) 



y Zi + z 2 \(n 1 +n 2 )u) 
(71) 



with ri\ and n 2 arbitrary integers. Following ref. [23], one can introduce the quan- 
tities: 



nxcu \ _ ! _ / I n 2 l 
n 2 u J 1 " V I -nil 

(ni+n 2 )uo 

n x n 2 (ni + n 2 )ui 



Q' = 

Q = T^Q'T- 1 
The right side of eq. ( JTTT) can then be written as follows: 

^(I' + J' f Q' (?+J')+2-Ki(P+fy Z' 







21 
»i 




J2 





(z 2 \n 2 u) = 2j e " 

_ gi7r(Z+J)* Q (T+j)+2iri(T+J) t Z 



(72) 
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with: 



T~*Z' 



z\ + z 2 
n 2 zi - ri\Z 2 



J = TJ' 



l = TV 



ni+?12^ 
"2jl— nij2 
niri2(ni+n2) 



nih+n2h 

h-h 
ni+n 2 



and 



Z' 



Z\ 
Z-2 



I' 



h 



where the following identities have been used: 

n-J,i + n 2 l 2 rhi - h~h 



rii + n 2 



ni + n 2 



+ h 



1L 
22. 

Il 2 



m 2 



nx +n 2 m + n 2 



+ k 



(73) 



with li G Z d (z = 1, . . . , 4). The quantities m, cannot be any integer because values 
of these variables differing by k(n\ + n 2 ) (with k G Z d ) are equivalent since they 
determine integer shifts of the variables h^ which are arbitrary integers. 

The quotient space U^ 1+n2 = Z d /[(ni + n 2 )Z d ] is the set of all the inequivalent 
values of these variables. Furthermore, the m^s cannot be independent because of 
the following identities: 

-* rhi + n 2 fh 2 r* -* _ . 

ti = ; h h + U =^ m i + n 2 m 2 = mod(rii + n 2 ) 



h 



nx + n 2 
rhi — riifh 2 
ni + n 2 



h — U ih\ — nifh 2 = mod(ni + n 2 ) , 



which determine rhi — Ti\fh 2 mod(ni + n 2 ). By collecting all these results one can 
easily get the identity f JTTj) . 

These properties of the Riemann Theta function are a relevant ingredient in 
order to prove that the wave-function introduced in eq. f|30|) satisfies the boundary 
conditions given in eq. (j2"9"|) . At this aim, one has first to observe that: 



Mz + C {x) V(s),z + C w ri {s) ) = o (z,f) 



9(z + CW V(s) ) 



6(z) 



fIm(Z*CM *)C7 (A)t |J A |C( A >»7 (s) 



0o (z + C (A) n r] (s) , I + C (A) ti ri (s) ) = 0o (z, z) 



g(z + C( A )% s) ) 
0(z) 



x e : 



(74) 



where fi is defined after eq.([25]) and the identity C (A) '|Z A |C (A) = C (A) *|Z A |C (A) has 
been used. 
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By plugging the first of the two last identities in eq. (!29|) . one gets the first 
identity written in eq. (pTj) while, by plugging in the second line of eq. ( 1291) the 
last identity in eq. ( 1741) and using again the symmetry of the matrix C^'^T^C^, 
one gets: 

0(z + CW% fl) ) =e -^ w imn«cW t |2*|eW[2c(*)- 1 2 + «, w ] ( S j 

It is worth to stress here that, in writing these boundary conditions, the matrix 
C^' has been implicitly assumed to be invertible. 

The complex coordinates are related to the real ones by the identities: 

C^x + C^Qy _ ^_ C^x + C^tty 
Z ~ 2nR ' Z ~ 2^R ' 

The magnetic background flux in both systems of coordinates can be read from 
eq. ([T]) and eq. (1221) . here rewritten: 

F = -dz*\l x \ Adz- ^d§\Zx\ Adz 

= -dx*F {xx) A dx + -dx l F {xy) Ady — -dfF^ A dx + -dtfF^ A dy 



with 



p{xx) 

jp( x v) 



2(2irR) 2 

i 



C^\1 X \C^ -C^ l \l x \C^ 

c wt \i x \c w ti - c wt \i x \c w n 



2(2nR) 2 



_i?(*y)< = ^ [^C (A)f |Z A |C (A) -^CW f |X A [CW] 

= _1_ [^c ,(A)i |X A |C (A) n-n t C (A)i |X A |C' (A) fi] . (75) 

It is now straightforward to see that requiring the matrix CW*|I A |CW to be sym- 
metric implies the first identity written in eq. 

((33]), = and allows one to 

write: 

Fiyy) = - 2 ^l R y ^ wt \^x\c w n + n t F^ + n*gW*|x A |c7Wn 

— Imfi*C' (A)i |X A |C (A) fi + = -F (a;j/)< fi + O'F^ 



(27T/2) 



where the second line of eq. (175]) has been used. 

The second line of eq. (j3"lj) becomes identical to the second identity in eq. (170 



if the quantity I f2, with / = (2ttR) 2 F( '^ ) is identified with the symmetric matrix uj, 
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if b vanishes and if v — IC^ z. These identifications lead to the solution written 
in eq. (j3"5|) . 

In order to verify if the Riemann Theta function satisfies also the first line of 
eq. (134)) . one explicitly computes: 



e 



J 




(I (C w ^ Z + r] m )\I Q) = Y e in{H+j)t [in] ("+i)+ 2 "("+i) f IcW ~ lz 

Hez d 

and imposes the additional constraints: 

(n*J) G Z d ; (J*/) G Z d WeZ d . 

The first constraint is in fact satisfied because I is a matrix with integer entries. 

In the last part of this appendix, the consistency of the solution fl39|) is going to 
be proved. The wave-function is correctly defined if the Riemann Theta function 
is a convergent series and the convergence is guaranteed if the symmetric matrix 
IlmQ is positive definite [22], i-e.: 

pixy) 1 

x 1 (2irR) 2 liaQx > ; Vx G M. d and x ^ . 

At this aim one has first to observe that eq. ( 133|) implies: 

x t (2 7 rR) 2 —Im{l- 1 x = (xC (x ^^(C^x) = Y \^\\(xC^) m \ 2 > . 

Furthermore one has: 
x 4 [F {xy)t Imfi] x 



TT 



X 



T Imfi Imfi" 1 Imfi 



x 



x* ImtfF^ Imfi" 1 Imfi x 



= (Imfix)* [F^ImJT 1 ] (fix) = ^[F^Imfi^ 1 ]^ > 

since the matrix [F^Imfi -1 ] is positive definite. This proves the convergence of 
the Theta function. In the proof the following identity has been used: 

F {xy)t Q = Q'F^ F {xy)t lmQ = ImQ'F^ . 

The normalization of the wave-function is determined by evaluating the integral: 

1 r c 2 f 2jTR - - i 

— d d xd d y^ 6 ((j)fy(j)f = —y/G~ G Y / d d xe 2i * {n+j -™- j,) ^i 3 
2 9 J J J 2g ^„Jo 



n,mt 
2ttR 



x e j7r(n+j)'7 ab a a6 (n+j)-i7r(m+j')46^a6(m+j') / iwy*(n ab -n ab )y e 2iTr[(n+j)-(m+j')} (n ab -Q ab ) 

Jo 
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The integral over the x-coordinates is trivial, giving the result: 

d d x = (2TtR) d 5^K ^ 

v ' n+j ,m+j' 

which imposes n = m and j = f. Using these latter identities we get: 



2g 1 



? = ^(27Ti?)V^E f d 
J ' J A 9 Jo 



bf)*(j)f - xid) 



•dy e -2n(y+ri+]y I ab lmn ab (y+n+j) 



The last integral in the previous equation is evaluated by observing that: 



/ d d ye~ 2n ^ +H+ ^ tIablmnab ^ +H+ ^ = Y\ 



n 

i=l 



lim / dy l 

Ai-toa J_ A i 



i=l 



n i +j i +l 

n i = -A i 



A 1 — >oo j n t^.jt 



-2iry t I a btmQaby 



2iry*I ab lva£l ab y _ j ^dy e -2wy t I ab ltaQ, a by 



= [det^Ini^)]" 1 / 2 
Hence, the wave-function normalization turns out to be: 

Y f d d xd d y^/G & {4>f)*<j>f = ^V T 2 d 6^[det(I ab lmn ab )}-^ 2 

with V T 2 d = (2nR) 2d VG^. Choosing C = V2gV~ 2 l J 2 [det(I ab Imtt ab )] 1/4 makes the 
kinetic term of the scalars canonically normalized. 



D Explicit calculus of the Yukawa couplings 

The Yukawa couplings involving two twisted fermions and one twisted scalar field, 
corresponding to the lowest excitations of the dy-charged open strings ending on 
three magnetized branes, are obtained by computing the following integral: 



yii 32, 33 



J<6 



being (x, y) = (x, y)/(27rR) and the wave- function, defined in eq. ( )39|) . is here 
rewritten: 



= J^fe™^ 1 ^^ 1 ^ e in(n+3) t m{n+3)+2ni(n+j) t I(x+Qy) 

riez 3 

with / = (2itR) 2 F^ t /2n. 



(76) 
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It is useful to give to the product of two wave- functions the following form |22j : 



x y e iirl t Ql+2ml t QY+2-Kil t ZX 



being 



() 1 hb^ab \ 1 hb 



hc^bc J \ he 



n2+ ]2 J \ x J \y 

An equivalent representation of the product of two Riemann Theta functions is 
obtained by introducing the following transformation matrix: 

acting as follows: 

w " L(4L ~\ Q' 21 Q' 22 )-{ a(SU - n bc ) a(n ab lj + n^V J 



_ y j 7"'' = ( hb + hc (hbhb ~ hchc )a" 



b - he he)"'' 

We introduce also the vector: 



i't- 1 = (fa + /OUV + ir/)- 1 ^ 1 + fa + J a )*(tf + Cr 1 ^ 1 ; 



fa +h)V^ + ibc)- 1 *- 1 - (n 2 + ]2 )\i^ + i^y 

By using the following identity: 

(hb + ^c 1 ) = he {hb + ^6c) 1 hb = (-^a6 + he) 1 ^6c 

and analogously to what has been done in eqs. (1731 . one can write: 



fa / a6 + n\ he) (hb + he) 1 = m\ {hb + he) ' + 5 



fa - n\) hb (hb + heY 1 hea- 1 = rh\ (J;, 1 + 1^) 1 or 1 + g (77) 

where Z3, U G Z 3 , mi and ffi2 are suitable integer vectors, while a has to be chosen 
in such a way that the matrix a (l~ h + J^, 1 ) has integer entries. In the following, 
we will choose a = det [hbhc] I [22J which indeed satisfies the above mentioned 
constraint. The possible values of m 12 can be determined by repeating the analysis 



33 



developed after eq. (|38|) . By writing fh\ = m\e^ the lattice with basis vectors 
e*i (I a b + he) is introduced and, in it, the equivalent points are those which change 
l 3 by integer values, because this quantity is summed over all possible elements of 
Z 3 . 

l?fj b+Ib s is the set of equivalent classes obtained by identifying the elements of Z 3 

under the shift rhi + k 1 (hb + he) (VA; G Z 3 ). Inequivalent values of fh\ lie in the cell 
determined by the vectors e*j (hb + he), their number is |det [/„;, + I bc ]\. Analogously, 



a \. 



the number of inequivalent values of m 2 £ Z 3 _x r _ ls is I det [/ . + l hr , 

(Lb +hc ) Q 

It is straightforward to obtain from the previous equations the identities: 

n\ = (m\ + m\he){hb + he)' 1 + § + 1\olI^ 
n\ = (m\ - m\hb){hb + he)' 1 + h ~ hal^ 1 . 

In order to make them consistent, both al~^ and al bl } have to be integers and this 
is satisfied by choosing a = det[/ a b l&jljj Moreover, one has to impose also: 

m\ + m\he = k\l ab + I bc ) ; m\ - m\l ab = k\(I ab + I bc ) 

with k and ki elements of Z 3 . The solution of the last two equations is 

m\ = mlhb + k\ {hb + he) ■ (78) 

Eq. (J7H1) . after having taken into account the different definitions of the equivalence 
classes associated to the two integer vectors mi,2, becomes: 

m\ + £*(I o6 + he) = [ml + ? 2 ^ab + J 6^)] hb + k[(I a b + he)- 

This is equivalent to eq. (1781) with k\ replaced by k\ — tl+t^al^ 1 . The identification 
written in eq. (17H1) is consistent because the vectors fh\ and ffi2hb are both identified 
up to the integer matrix {hb + he), being 

m\l ab = m\l ab + (k l I^det[h b I bc ])(I ab + I bc ). 

The correspondence between fhi and fh^ is not one-to-one since, having been chosen 
a = det[hbhc}^, the number of the inequivalent values of m 2 is bigger than the one 
of inequivalent fh\. Following ref. [22], one can replace: 

ml = m f 2 + pMet [I ab ] (I ab + I bc )I^ + f det [I bc ] (I ab + I^)/" 1 (79) 

and the second line of eq. (1TT1) becomes: 



(n[ - n\) hb (hb + he)' 1 he®' 1 = ml (l£ + I^ 1 ) 1 a' 1 + 



det/. 



be 



deti ab 



3 The most general solution would be a = det[/ a & -f&c]-P with P an integer matrix 22 
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The sets of inequivalent p and p are respectively denoted by rr , , and Z 3 , ir r . r _ x 

and their numbers are |det(det[J; )C ]/ f ^ 1 )| and |det(det[/ (l ; ) ]J a ; ) ) _1 |. Consequently, the 
number of inequivalent m 2 's is |det(J tt 6 + I bc )\ which now matches with the one of 
the rhis. It is worthwhile to observe that the previous counting is correct only if 
the Chern classes hb and I bc are completely independent. When one of these two 
conditions hb = P I bc or I bc = P I ab , with P a matrix with integer entries, is verified 
- for example the second identity - then: 

— = (detLPlP- 1 )— ^ , (81) 
det[J a6 ] 1 L J J det[I bc ] 1 ; 

being det [P]P _1 a matrix with integer entries. The right side of eq. (180j) becomes: 

+ Ke 1 )- 1 *- 1 + +P*det[P]p- 1 ) . (82) 

The latter equation shows that the sum over p introduces integers already taken 
into account in the sum over p. The overcounting is Idetfdetf/ab]/^ 1 ] | and the sum 
over these two integers has to be normalized by this factor for avoiding to include 
equivalent contributions several times. Furthermore, in this case the degeneracy of 
rh is bigger exactly by the factor Idetfdetf/ab]/^ 1 ] |. Analogous considerations are 
valid when the other condition I ab = P I bc is verified. 

By starting from eq. (180|) and repeating the same manipulation which has led 
to eq. (ITS]) , one gets the same equation with m 2 replaced by m 2 . The solution of 
eq. (J78j) . in the case of I a b and h c independent, is now unique and one can write 
(m = 777-2): 

f'< = Q) = I'T- 1 = ({J\l ab + f 2 I bc + m l I ab ) (I ab + J 6c ) _1 + Zj; 

(It -11 + rh*)iob ihb + he)' 1 hea- 1 + p'^n + p*-r£h + Z ^ • 

det[J ftc J det[/ ab J / 

The case in which I ab and I bc are not independent, for example I bc = P hb, is subtle 
because the degeneracy of 77i 2 is bigger than the one of fh\. Furthermore, in order 
to satisfy the condition: 

(mi - fn 2 hb){hb + he)' 1 = modZ d 

one has to find the number of inequivalent values of m 2 according to the identifica- 
tion 

m 2 = m 2 + k\l + P) . 

This number is | det ( 1 + P)| which is smaller than the number of possible fh\. By 
remembering that the degeneracy of m 2 is \det[{det[I ab ]I~ b ){I ab + I b c)}\-, the number 
of times that inequivalent values of m 2 appear is |det[/ b] \ d . 
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From the above analysis immediately it follows that: 
Furthermore the following identity holds: 



T 



-t 



x[y} \ = ( x [y] 
x\v\ V 



After collecting all the results, one can write: 

y (n ab )(f) b £(n bc ) = MabMbce^ it{Iab+hc) y +i ^ t{Iabnab+Ibcnbc) y 

M '* Q' I ' +2nil '* Q' ( V )+2nil" t X'i X 



bf( ... , 



v at) DC 



where the quantity 



Idet^- 1 if/ bc = P/ a6 

X = { Idet^JI^ 1 if I ab = PI bc (84) 

1 independent (I bc , I ab ) . 

has been introduced. 

The overlap of three wave functions results to be: 

d 3 xd 3 y ^<Pl{n ca )<pf (n ab ) <f>f(Q bc ) = Af ab Af bc Af ca f <Px<Pyy/G~ 6 e i *? 
o J J J Jo 

x e i-ny t (I ca Q. ca +I ab Q. ah +I ba Q. hc )y}_ ^ ^ ^ ^ ^(na+jaY ha Qca(n3+j3)+2ni(n3+j 3 y I ca (x+n ca y) 

x (n 3 r 3 „r 4)6 z3 , 

iirr' t Q'r'+2iril' t Q' [ V )+2iril' t I'' X 



\°J" " ~\°) . (85) 
The integral over the x coordinates can be easily performed after using the identity 

hb + he + ha = 

and is given by: 

f 1 d 3 xe 2 ™^' i+ 3 3)tIca+ ^ t{Iab+Ibc)) * = <5 (3) 
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This condition implies = I3 and 

(It Lb + ? 2 he + rn* I ab ) (I ab + hc)^ 1 = % (86) 

which, when I ab and I bc are completely independent, gives a well-defined condition 
on m because the numbers of inequivalent m and j coincide. In the case in which 
I a b and he are not independent, the number of inequivalent values of m is smaller 
than the number of possible j (equal to [det(J a 6 + hc)\), and their degeneracy is 
|det/ a b| d or I det I bc \ d depending on the relation existing between the Chern classes. 
It follows that for a given a value of j it is not possible, in general, to find an integer 
m satisfying eq. f )86|) and, when this is possible, it appears a number of times equal 
to the degeneracy of m. The degeneracy can be taken into account by introducing: 



mM 1 1 

('ab +'bc > a 

and replacing m, in eq. f )85|) . with the corresponding value of j'3 as given by the 
identity (l86l). 

In order to compute the integral over the variable y one defines: 

A = I ca Q C a ~\~ Q lea ^ca ~\~ lab ^ab Ibc ^bc 

with A* = A, getting: 

^3 ~ e i7T^Aff 2tt<* Aff 2tt<'q' 21 y _ J (fye^^ 1 ^* Q ' 21 A ~ 1 \(- iA )[y+ r i + A ~ 1 Q' 21 X\ 

x ^[T^+l^ Q™ A-iJA^'+A- 1 Q' 21t l 2 '] = -p^ ^ Q e -i-K[l^+l^ Q' 21 A-iJA^+A" 1 Q' 21 ' f 2 '] 

with 

• 1 



J'nAhX)^ / ^e-^ , ^ 1 «' 21l ^ 1 K-' A )^^ 1 « ffl ' 1 J l (87) 
Jo 

The Yukawa coupling becomes: 

/ ^rf 3 X^V^0f(^a)*0f(^)0|(^ C )=A^ b A4 c A4aV^^ ]T ^ ^V(f 3 ,f 4 ) 



det [7^1 if 



hM& 3 P^ ,, T lr -l 
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where eq. (!86|) has been used and 

II = a {{VL a }yI a ^ + fife c / bc *) — (Vl a b — ^bc)(Ica^ca + lab^ab + hc^bc) 1 (^ab ~ H-bcY) 



a 



The integral in eq. ( IH71) is convergent and can be explicitly computed. The key 
ingredient in order to prove the convergence of the integral is the inequality: 



< 



d'y £ e-l 



[5' i +« 1 ' t +i 2 ' t Q' 2 M- 1 ](-iA)[y+i' 1 + J 4~ 1 Q' 2lt [ 2 '] 



7r [iit+l 1 '*4.j 2 '*Q'3iX- 1 ](-iA)[i/+I 1 '+A- 1 Q' 2lt r 2 '] 



^Tr^ImCQ^iA-^tReyllmA-^eA-ImAlMQ' 21 ^- 1 )*^' 
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x e" 



-7r[^4T 1 ' t +£'Re(Q al A- 1 )+£'*Im(Q* 1 A- 1 )ReA]^ 
= e 7r[« 2 ImCQ'^A-^IReAImA-lReA-ImAlImCQ' 21 ^- 1 )^, ] / + £ + J 3 + Z 2 ') 



with 



/(y + + J 3 + 4') = e --[^+J3+4'] t ImA[y+r3+J 3 +i 2 '] 

f 2 ' = [Re(g /21 A -1 )* + ImyT 1 ReAIm(Q' 21 A- 1 )*] f 2 ' 



By observing that 



'V 



lim / d 3 yf(y + l 3 +j 3 + iz) = Jim / tf d 3 y/(£) 

<5^0O ^ _ JO O-^OO J — S+JS+L' 

l3 = — S 



d 3~ e -Ky*ImAy 



one sees that the integral is finite because ImA is positive definite. 

After having proved the convergence of this integral, one can now explicitly 
compute it. One can introduce the complex variable 

w* = y i + ? 3 +f + [Re(Q' 21 A-yi^ + i [lm(Q' 21 A- 1 )%)f 

and the integral becomes 

3 



n 



8=1 



^-1 rl i 3 +j i +[Rc(Q' 21 A- 1 )%'] i +i[Im(Q' 21 A- 1 ) t L 2 '] i +l 

lim y I dw l 

<5*->oo — ' 



T, _ ■■ " li+f 3 ^MQ m A- 1 ) t l 2 '] i +i[lta(Q m A- l ) t T 2 '] i 



-7rru' (— iA) w 



p8 i +i(lm(Q' 21 A- 1 )%y 

lim / dw l 

s^oo J _ai +i (i m (Q/2i^-i)t?)i 



n 

(det(-iA)) 



+00 



7riu* (— iA) w / d?W6~ 7r ™ t l ^ ^ 



-1/2 
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In the last step of the previous equation, being the integrand an analytic function 
of each of its variables, it is possible to apply the Cauchy theorem. Consequently, 
one can write: 



d we 



-ttw 1 (—iA) w 



n 



i=l 



Si 



+Si 



-8 i +i{lm(Q' 21 A- 1 ) t l' 2 ) i 



Si 



+ 



5 i +i(Im(Q' 21 J 4- 1 )*r^) i 



+ 



d w e 



-irw* (—iA) w 



The integrals along the directions parallel to the imaginary axis are weighted by 
the factor e _7r< ^"'" mj4 ^ that vanishes in the limit 8 — > oo. This proves the last equality 
in eq. (IHHj) . By collecting all the results, one gets the following expression for the 
Yukawa couplings: 



^GeCabCbcCcaideti-iA)) 



-1/2 



xD 



E 







i^i^^-n)+^P+^t b P (o|n) . 





In the last part of this appendix we would like to give some more comments about 
the case in which hb and he commute. In this case the quantities a(I~ b l + 1^ 1 ) are 
integer matrices with the choice a = I a bhc and eqs. ( 1771) become: 



i , It 

3 



(n{ I ab + n\ I bc ) {Lb + he) 1 = m\ (I ab + I bc ) 1 + I, 
(n\ - n\) (I ab + he)' 1 = ml (I ab + he)' 1 + 4 



Now the sets of the integer values taken by rhi and rh 2 coincide and there is no 
need to introduce the vectors p and p, which leads to a simplification in the sum 
appearing in eq. ( 1831) . 

The identity written in eq. ( 1601) is proved starting from the indentity 



lab 



det[I a 



ibc 



_det[Ji 



6c 



n 



lab 



_det[J, 



ab\ 



Ibc 



_det[/( 



bc\ 



+ 1 



valid for I and t arbitrary integers and n* defined up the translation: 



n* = n* + fc* 



lab 


-1 


r he 


-i 


_det[/ o6 ]j 




_det[/ 6c ]_ 





Eq. f )88|) can be understood by observing that, being t an arbitrary integer, when 



it is proportional to 



lab 


-1 


he 


_det[/ a6 ]_ 




det[4 c ] 



one gets the last terms on the right of 
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the identity, otherwise one gets the first term on the right. The number of non 



det[I ab 



det[4, 



I. Furthermore, when and h r are 



equivalents n is |det[ 
completely independent (see comment before eq. fl59l) ). it is possible to write: 



<a6 



det[J 
or, equivalently: 



? = ? 



' be 



det[/ 6c ] 



det[J, 



ab\ 
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det[J bc ] 
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-1 

+ j? 
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-1 

+ ? 


lab 


-1 


he 


-1 


_det[/ bc ]_ 


_det[/ a6 ]_ 


_det[/ ab ]_ 




_det[/ 6c ]_ 





By using this latter identity, the left side of eq. fl60|) can be alternatively written 
as: 



t T t 

be 



3 

= Yl e-' 1 ^ 1 ^^^ ft [*+ J at(i3-J 2 )] 
tez 3 

which proves eq. ( )60|) . after reminding the definition of P = det[I a bhc\Iab ^bc ■ 

E Strings in a magnetic background 

In the string approach to the toroidal compactification, a 2c?-real torus is the lattice 
in the plane M. 2d made by a collection of 2d vectors e*M (M = 1, . . . , 2d) together 
with the identification 



x = x + 2ty V a' m M e M , x G 



t>2,l 



and m G Z 



In string theory, the parameter i?, defined in eq. ( )62|) . is identified with the string 
slope. In a Cartesian frame the components of the defining lattice vectors are 
clm = (o^/) an d the metric is Ga/at = e J N 5ue I M , and by construction e 7 M is the 
vielbein of the metric. Any other matrix of the kind E = O e obtained by an 
orthogonal rotation of e is a good vielbein matrix. The complex coordinates are 
introduced through the complex vielbein: 



1 

7! 



£=SE , S 

being S the matrix which diagonalizes the complex structure Jk 



-1 

1 
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Jc = ( q _^ J — S Jr 5 1 . 

Here, a simplified notation is used where all the four blocks of the matrices are 
proportional to the identity matrix. In the complex coordinates, the flat metric Q 
is off-diagonal: 

Q = S^GS- 1 . 

The antisymmetric two-form T = B + 27ra'F in the Cartesian frame 

jr = E- T J=E- X = EG^FE- 1 , 

being B the Kalb-Ramond field, can be reduced by an orthogonal transformation 
Of in the block diagonal form [24J: 

J= M = ( ° 10 = O f J- c OT = OfEFE^Ol 1 = s'f.W -1 



with E'j- = Of E and Ia = diag(Ai, . . . A^) with A Gf. The vielbein Ef transforms 
the metric into the identity and the antisymmetric field into a block-diagonal matrix. 
This kind of vielbein can also be used to introduce a particular set of coordinates 
[Ef = SEf) which diagonalize the matrix 

T d = SfG-^Sj 1 = QE- T TE- X = f "* Ia \ . (89) 

The boundary conditions of an open string ending on two branes with different 
magnetization depend, in the bosonic sector, on the monodromy matrix R = R~ 1 R 
with: 

R a = (G-F a )- 1 (G + F (7 )= (l-G-^y^I + G- 1 ^) ; a = 0,7r. 

In the complex basis, above defined, this operator is a diagonal matrix. However, 
we are interested in computing the Yukawa couplings involving open strings ending 
on stacks of magnetized branes having different magnetic fields turned on in their 
world-volume. In this complex frame, only one of these fields can be recast in the 
block-diagonal form. In the following, all the monodromy matrices are assumed to 
commute. According to ref. |24J this implies that all the magnetic fields can be 
taken as in eq. (1891) . 

The monodromy matrix is diagonal in the complex frame, being equal to 



Ef RSj 1 = Ef R^ 1 £ f SfR £ f 1 
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and then by evaluating 

S f R a Sj l = E f (I - G- 1 ^)- 1 ^ + G- 1 JT a ) EJ 1 

it follows: 

EfRvEj 1 = (I- EfG-^Sy 1 )' 1 (1 + E f G- x T a Sf) 

^d iag fl±S,..,l±S,l^,..,^ 

1-iAJ 1 + iAf 1 + iA^ 
By defining the eigenvalues of the matrix R a = (e 2 ™* , e~ 2wv °\ one has: 

e 7 ™* = tan7r< = A* 

In the same way, one gets: 

^^^diagf^-^ + ^^.J^^ 1 -^ 
; f %(l+iAJ)(l-iA?) (l-iA?)(l + iA°) 

In terms of its eigenvalues, this matrix is usually denoted by: 

EfREj 1 = diag (e 2 ^" , e ~ 2niUa ) 

which leads to the identification: 

e 2^ a = (i-»a;)(i + »a°) 
(i + <a;)(i-<A2) " 

The previous identity determines: 

A° — XI tan 7tz/!? — tan 7rt-'I r . n , , 

tanvn/ a = s ° = ^— a — = tanvr z/° - i£) . 90 

l + A^Aj 1 + tanvri/Otanvrz/^ v a aJ v 7 

By setting 5 = and reminding that J 7 = 2na'F, one gets the relation between 
the gauge field defined in the field theory approach and the corresponding stringy 
quantity: 

* 1 :A 



2vra' (2nRy 

where Eqs. fllOp and (1891) have been used. By performing the zero-slope limit, 
keeping fixed the field theory quantities, R and A, the quantity A is necessarily 
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small. From eq. (I90l) . in the field theory limit, one has tan7rz/ a ~ -nv a ~ A° — A£. 
The string Hamiltonian is [9~|l34"]: 



N X + N^ + Y J {Nf + Nf)- X - + X -Y J W\ 



r=l 



a=l 



(91) 



where x = 1(0) for the NS (R) sector, being the Ns the number operators. 

In the field theory limit, as explained in sec. 2.2 of ref [34J, the mass formula 
reduces to: 



r=l 



1 1/ 



Arl 



2A, 



- (27Ti2) = 



(27r J R) : 



which coincides with eq. f|T9|) . 
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